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We study the Bochner–Riesz operator on weighted Lebesgue spaces and give the sharp
bound for the maximal Bochner–Riesz operator in terms of the Ap characteristic of the
weight function for 1 < p ≤ 3.
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1. Introduction and main result
Let Lp(w) := {f : Rn |f (x)|pw(x)dx <∞}, wherew is an Ap weight. Recall that a nonnegative locally integrable function
w defined on Rn is said to be of class Ap if
sup
Q cubes in Rn

1
|Q |

Q
w(x)dx

1
|Q |

Q
w(x)−
1
p−1
p−1
<∞. (1.1)
The left hand side of (1.1) is called the Ap Muckenhoupt characteristic constant ofw and is denoted by [w]p.
The Bochner–Riesz operator on Lp(w) is defined as
(BλR f )(x) =

Rn
(1− |ξ/R|2)λ+ fˆ (ξ)e2π ix·ξdξ, λ > 0, R > 0.
And the maximal Bochner–Riesz operator is defined by
(Bλ∗f )(x) = sup
R>0
|(BλR f )(x)|.
If R = 1, we denote BλR simply by Bλ. It is well-known that the kernel of Bλ is Kλ(x) defined by
Kλ(x) = Γ (λ+ 1)
πλ
· Jn/2+λ(2π |x|)|x|n/2+λ ,
where Jν(t) is the Bessel function, i.e.,
Jν(t) = (t/2)
ν
Γ (ν + 1/2)Γ (1/2)
 1
−1
eits(1− s2)ν ds√
1− s2 .
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Bochner–Riesz operators have been investigated by many authors. We refer the reader to [1] for some fundamental
results. Lee [2], Tao [3] and many others studied the so-called Bochner–Riesz conjecture, i.e., if p > 1 and
λ > λ(p) := max

n
1p − 12
− 12 , 0

,
then BλR is bounded on L
p. On the other hand, there are also many results concerning the weighted inequalities for the
Bochner–Riesz operator; for e.g., see [4–8].
For λ > (n − 1)/2, it is trivial to see that the maximal Bochner–Riesz operator is pointwise dominated by the
Hardy–Littlewood maximal operator. And therefore, the boundedness of Bλ∗ on Lp(w) is well understood.
And for λ ≤ (n− 1)/2, there is a classical result which reads as follows.
Proposition 1.1 ([1, Proposition 10.5.3]). Let λ > 0 and 0 ≤ α < 1 + 2λ ≤ n. Then there is a constant C = C(α, λ, n) such
that 
Rn
|(Bλ∗f )(x)|2|x|−αdx ≤ C

Rn
|f (x)|2|x|−αdx. (1.2)
Motivated by the proof in [1], we give the sharp bound of the maximal Bochner–Riesz operator in the critical index
λ = (n− 1)/2. For λ < (n− 1)/2, we cannot expect the boundedness of Bochner–Riesz operators on Lp(w) for all w ∈ Ap
even for a single value p, since by the Rubio de Francia extrapolation theorem, it implies the boundedness of Bochner–Riesz
operators on Lp for all 1 < p <∞, which is false.
The following is our main result.
Theorem 1.2. Let 1 < p <∞ andw ∈ Ap. Then for any f ∈ Lp(w),
∥B(n−1)/2∗ f ∥Lp(w) ≤ Cp,n[w]max{1/2,1/(p−1)}p ∥f ∥Lp(w), (1.3)
where [w]1/(p−1)p is sharp for 1 < p ≤ 3.
In this paper, we write A . B if A ≤ CB for some positive constant C , depending on the dimension and possibly the
Lebesgue exponents. We write A ≍ B if A . B and B . A.
2. Proof of the main result
In this section, we give the proof of Theorem 1.2. We begin with some preliminary results.
In [9], the authors investigated the sharp version of the Rubio de Francia extrapolation theorem. The main result in [9] is
the following.
Proposition 2.1 ([9, Theorem 1]). Given a sublinear operator T and 1 < r < ∞, suppose that there is an increasing function
N : [1,∞)→ (0,∞) such that
∥T∥Lr (w) ≤ N([w]r).
Then we have
∥T∥Lp(w) ≤ Cp,rN(Cn,p,r [w]max{1,(r−1)/(p−1)}p ), 1 < p <∞.
With the above result, we only need to prove (1.3) for p = 3. For the Hardy–Littlewood maximal operator, we have the
following proposition.
Proposition 2.2 ([1, Theorem 9.1.9]). Let M be the Hardy–Littlewood maximal operator. For any w ∈ Ap, 1 < p < ∞, there is
a constant Cn,p such that
∥M∥Lp(w)→Lp(w) ≤ Cn,p[w]1/(p−1)p .
In [8], the authors proved the following result.
Proposition 2.3 ([8, Theorem 1]). Let 1 < p <∞ andw ∈ Ap. Then
∥B(n−1)/2∗ f ∥Lp(w) ≤ Cp,n,w∥f ∥Lp(w).
The following result seems to be known. Since we do not find it elsewhere, we include a proof here.
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Proposition 2.4. C∞c (Rn) is dense in Lp(w) for allw ∈ Ap, 1 < p <∞.
Proof. Fix some f ∈ Lp(w). For any ε > 0, there is some N > 0 such that
{x:|f (x)|>N}
|f (x)|pw(x)dx < ε
p
4p
.
Let f1 = fχ{x:|f (x)|≤N}. There is some R > 0 such that
Rn\[−R,R]n
|f1(x)|pw(x)dx < ε
p
4p
.
Using the absolutely continuous property of integration, we can find some δ > 0 such that for any Ω ⊂ [−R, R]n with
|Ω| < δ, we have
Ω
|f (x)|pw(x)dx < ε
p
4p
and 
Ω
w(x)dx <
εp
4pNp
,
where | · | denotes the Lebesgue measure. By Lusin’s theorem, there is some g ∈ C([−R, R]n) such that |{x ∈ [−R, R]n :
f1(x) ≠ g(x)}| < δ and ∥g∥∞ ≤ N . Hence
∥f − g∥Lp(w) < ε.
That is, Cc(Rn) is dense in Lp(w). Since C∞c (Rn) is dense in Cc(Rn), the conclusion follows. 
Nowwe study the square function [10–13], which is the key to our main result. Recall that the dilation ht of a function h
is defined by ht = t−nh(t−1·). Then the square function (Sψ f )(x) is defined by
(Sψ f )(x) =
 ∞
0
|(f ∗ ψt)(x)|2 dtt
1/2
.
And (Sψ,α f )(x) is defined as the following
(Sψ,α f )(x) =
 ∞
0

|y−x|<αt
|(f ∗ ψt)(y)|2 dydttn+1
1/2
.
In [14,15], the author investigated the sharpweighted norm of various types of square functions. All types of square function
operators are dominated by
(Gα f )(x) =
 ∞
0

|y−x|<αt
((Af )(y, t))2
dydt
tn+1
1/2
,
where
(Af )(y, t) = sup
ϕ∈C1
|f ∗ ϕt(y)|
and C1 is the family of functions supported in {x : |x| ≤ 1} satisfying

ϕ = 0 and |ϕ(x)− ϕ(x′)| ≤ |x− x′|, ∀x, x′.
Proposition 2.5. For α ≥ 1, we have
(Gα f )(x) ≤ α3n/2+1(G1f )(x), f ∈ C∞c (Rn).
Proof. We have
(Af )(y, t) = sup
ϕ∈C1

Rd
f (x)t−nϕ

y− x
t

dx

= sup
φ∈C1(y,t)

Rd
f (x)φ(x)dx
 ,
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whereC1(y, t) is the family of functions φ : B(y, t)→ R such that

φ = 0 and |φ(x)−φ(x′)| ≤ t−n−1|x−x′|, ∀x, x′. Hence
(Gα f )(x) =
 ∞
0

|y−x|<αt
((Af )(y, t))2
dydt
tn+1
1/2
= αn/2
 ∞
0

|y−x|<t
((Af )(y, α−1t))2
dydt
tn+1
1/2
= α3n/2+1
 ∞
0

|y−x|<t

sup
φ∈C1(y,α−1t)

Rd
f (z)α−n−1φ(z)dz

2
dydt
tn+1
1/2
≤ α3n/2+1
 ∞
0

|y−x|<t

sup
φ∈C1(y,t)

Rd
f (z)φ(z)dz

2
dydt
tn+1
1/2
= α3n/2+1
 ∞
0

|y−x|<t

(Af )(y, t)
2 dydt
tn+1
1/2
= α3n/2+1(G1f )(x).
This completes the proof. 
To prove our main theorem, we also need the following result.
Proposition 2.6 ([15, Theorem 1.1]). For anyw ∈ A3 and f ∈ L3(w), we have
∥G1f ∥L3(w) ≤ Cn[w]1/23 ∥f ∥L3(w).
Nowwe consider to decompose the multiplier (1− |ξ |2)(n−1)/2+ . Unlike the usual dyadic decomposition, we make a little
change here. Letψ be a smooth function supported in [1/8, 5/8] and ψ˜ be a smooth function supported in [−1/2, 1/2] such
that 0 ≤ ψ, ψ˜ ≤ 1 and
ψ˜(t)+
∞
k=0
ψ

1− t
2−k

= 1
for all t ∈ [0, 1). We decompose the multiplier (1− |ξ |2)(n−1)/2+ as
(1− |ξ |2)(n−1)/2+ = m00(ξ)+
∞
k=0
mk(ξ),
wherem00(ξ) = ψ˜(ξ)(1− |ξ |2)(n−1)/2, and for k ≥ 0, mk is defined by
mk(ξ) = (1− |ξ |2)(n−1)/2ψ

1− |ξ |
2−k

.
Then we define maximal operators associated with the multipliermk by
(Smk∗ f )(x) = sup
R>0
|(fˆ (ξ)mk(ξ/R))∨(x)|, k ≥ 0.
And Sm00∗ is defined similarly. We have
B(n−1)/2∗ f ≤ Sm00∗ f +
∞
k=0
Smk∗ f . (2.1)
Since each mk is smooth and compactly supported, S
m00∗ , S
m0∗ , S
m1∗ and any finite number of them are pointwise dominated
by the Hardy–Littlewood maximal operator, which is bounded on L3(w) for any w ∈ A3. By the same arguments as in
[1, 408–410], we have
|Smk∗ f |2 . 2k|Sm˘k f | · |S ˘˜mk f |,
where m˜k is defined by
m˜k(t) = 2−kt ddt mk(t).
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It follows that
∥Smk∗ f ∥L3(w) . 2k/2∥Sm˘k f ∥1/2L3(w)∥S ˘˜mk f ∥
1/2
L3(w)
. (2.2)
Proposition 2.7 ([16, Appendix K.2]). Let a, b ∈ Rn, M,N > 0, and L be a nonnegative integer. Suppose that φµ and φν are
two functions on Rn such that
|(∂αx φµ)(x)| ≤
Aα2µn2µL
(1+ 2µ|x− xµ|)M , for all |α| = L,
|φν(x)| ≤ B2
νn
(1+ 2ν |x− xν |)N ,
for some positive constants Aα and B, and
Rn
φν(x)xβdx = 0, for all |β| ≤ L− 1.
Suppose that N > M + L+ n and ν ≥ µ. Then we have
Rn
φµ(x)φν(x)dx
 ≤ CM,N,L,n 2µn2(µ−ν)L(1+ 2µ|xµ − xν |)M .
Following the method used in [17], we give an estimate for Sm˘k f .
Lemma 2.8. Let ϕ and φ be a pair of functions such that
j∈Z
ϕˆ(2jξ)φˆ(2jξ) = 1, ξ ≠ 0,
where ϕ ∈ S , φ ∈ C1 and supp ϕˆ ⊂ {ξ ∈ R : 1/2 ≤ |ξ | ≤ 2}. Then we have
Sm˘k f . 2
−2kG1f , f ∈ C∞c (Rn).
Consequently,
∥Sm˘k f ∥L3(w) . 2−2k[w]1/23 · ∥f ∥L3(w), k > 1. (2.3)
Proof. First, since
(Sm˘k f )(x) =

j∈Z
 2j+1
2j
|f ∗ (m˘k)t(x)|2 dtt
1/2
=

j∈Z
 2
1
|f ∗ (m˘k)2jα(x)|2
dα
α
1/2
,
we have
(Sm˘k f )(x) ≍
 2
1

j∈Z
|f ∗ (m˘k)2jα(x)|2dα
1/2
.
Using Calderón’s identity, we have
|f ∗ (m˘k)2jα(x)| =

j′∈Z

(m˘k)2jα ∗ ϕ2j′α

∗ (f ∗ φ2j′α)(x)

≤

j′∈Z
(m˘k)2jα ∗ ϕ2j′α ∗ |f ∗ φ2j′α|(x)
=

j′∈Z

I ′∈Dj′
(m˘k)2jα ∗ ϕ2j′α(x− yI ′) · 
I ′
|(f ∗ φ2j′α)(y)|dy,
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where Dj′ are the set of dyadic cubes with side-length 2j
′
, yI ′ ∈ I ′ and in the last term we use the mean value theorem.
Before further estimating f ∗ (m˘k)2jα(x), we estimate (m˘k)2jα ∗ ϕ2j′α first. We have
(m˘k)2jα ∗ ϕ2j′α

(x) = F −1

(1− |2jαξ |2)λψ

1− |2jαξ |
2−k

ϕˆ(2j
′
αξ)

.
Since ψ( 1−|2
jαξ |
2−k ) vanishes outside {ξ : (1 − 582−k)α−12−j ≤ |ξ | ≤ (1 − 182−k)α−12−j} and ϕˆ(2j
′
αξ) vanishes outside
{ξ : 2−1−j′α−1 ≤ |ξ | ≤ 21−j′α−1}, we know that for k > 1, (m˘k)2jα ∗ ϕ2j′α is nonzero if and only if j′ = j or j′ = j+ 1. Since
|x|(2n+2) · |(m˘k)2jα(x)| .

|β|=2n+2
∂β

(1− |2jαξ |2)λψ

1− |2jαξ |
2−k

1
. 2(j+k)(2n+2)2−jn
and
∥(m˘k)2jα∥∞ . 2−jn,
we have
|(m˘k)2jα(x)| . 2kn

1
(1+ |x|)(2n+2)

2j+k
.
For either j′ = j or j′ = j+ 1, since ϕ2j′α has infinite number of vanishing moments, set L = 2n+ 4, by Proposition 2.7, we
have 
(m˘k)2jα ∗ ϕ2j′α

(x) . 2kn
2−(j+k)n2−k(2n+4)
(1+ 2−(j+k)|x|)2n+2
. 2−2k

1
(1+ |x|)2n+2

2j
.
Now we estimate f ∗ (m˘k)2jα(x). Set
A0 =

I ′ : l(I ′) = 2j′ , |x− yI ′ |
2j
≤ 1

.
And for l ≥ 1, let
Al =

I ′ : l(I ′) = 2j′ , 2l−1 < |x− yI ′ |
2j
≤ 2l

.
Then we have
|f ∗ (m˘k)2jα(x)| .
j+1
j′=j

I ′∈Dj′
2−2k2−jn
1
(1+ 2−j|x− yI ′ |)2n+2

I ′
|(f ∗ φ2j′α)(y)|dy
=

l≥0
j+1
j′=j

I ′∈Al
2−2k2−jn
1
(1+ 2−j|x− yI ′ |)2n+2

I ′
|(f ∗ φ2j′α)(y)|dy
.

l≥0
j+1
j′=j
2−2k2−jn2−2l(n+1)

|x−y|<√n2j+l+2
|(f ∗ φ2j′α)(y)|dy
.

l≥0
j+1
j′=j
2−2k2−jn2−2l(n+1)2(j+l)n/2 ·

|x−y|<√n2j+l+2
|(f ∗ φ2j′α)(y)|2dy
1/2
.
Hence
j∈Z
|f ∗ (m˘k)2jα(x)|2
1/2
. 2−2k

l≥0
2−(3n/2+2)l

j∈Z
2−jn

|x−y|<√n2j+l+2
|(f ∗ φ2jα)(y)|2dy
1/2
+ 2−2k

l≥0
2−(3n/2+2)l

j∈Z
2−jn

|x−y|<√n2j+l+2
|(f ∗ φ2j+1α)(y)|2dy
1/2
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. 2−2k

l≥0
2−(3n/2+2)l

j∈Z
2−jn

|x−y|<√n2j+l+2
|(f ∗ φ2jα)(y)|2dy
1/2
.
Consequently, 2
1

j∈Z
|f ∗ (m˘k)2jα(x)|2dα
1/2
. 2−2k

l≥0
2−(3n/2+2)l

j∈Z
2−jn
 2
1

|x−y|<√n2l+2·2jα
|(f ∗ φ2jα)(y)|2dydα
1/2
. 2−2k

l≥0
2−(3n/2+2)l

j∈Z
2−jn
 2
1

|x−y|<√n2l+2·2jα
|(f ∗ φ2jα)(y)|2dy
dα
αn+1
1/2
= 2−2k

l≥0
2−(3n/2+2)l
 ∞
0

|x−y|<√n2l+2·t
|(f ∗ φt)(y)|2 dydttn+1
1/2
≤ 2−2k

l≥0
2−(3n/2+2)l
 ∞
0

|x−y|<√n2l+2·t
|(Af )(y, t)|2 dydt
tn+1
1/2
. 2−2k

l≥0
2−l
 ∞
0

|x−y|<t
|(Af )(y, t)|2 dydt
tn+1
1/2
. 2−2k(G1f )(x).
The other result follows immediately from Proposition 2.6. 
Remark 2.9. In Lemma 2.8, we study the property of Sm˘k f (x). Since m˜k satisfies similar smooth and support conditions,
S ˘˜mk f (x) also meets Lemma 2.8, i.e.,
∥S ˘˜mk f ∥L3(w) . 2−2k[w]
1/2
3 · ∥f ∥L3(w), k > 1. (2.4)
Proof of Theorem 1.2. For f ∈ C∞c (Rn), we have
∥B(n−1)/2∗ f ∥L3(w) ≤ Cn[w]1/23 ∥f ∥L3(w), (2.5)
which follows from Proposition 2.2, (2.1)–(2.4). For general f ∈ L3(w), (2.5) follows from Propositions 2.3 and 2.4. By
Proposition 2.1, we get
∥B(n−1)/2∗ f ∥Lp(w) ≤ Cp,n[w]max{1/2,1/(p−1)}p ∥f ∥Lp(w).
Next we show the sharpness for p ≤ 3 by a family of examples. We show that the examples given in [18,19] also work
for our purpose.
Let s ∈ (0, 1). We pick a family of functions fs = |x|s−nχ(0,1]n and ws(x) = |x|(n−s)(p−1). We have [ws]1/(p−1)p . s−1 and
∥fs∥Lp(ws) . s−1/p. On the other hand,
B(n−1)/2∗ (fs)(x) ≥
Γ
 n+1
2

Rnx
π (n−1)/2


(0,1]n
Jn− 12 (2πRx|x− y|)
(Rx|x− y|)n− 12
|y|s−ndy
 .
Let x ∈ Rn \ (0, 1]n. We have
Jν(t) = t
ν
2νΓ (ν + 1/2)Γ (1/2)
 1
−1
eitr(1− r2)ν−1/2dr
= t
ν
2νΓ (ν + 1) + Sν(t),
where Sν satisfies
|Sν(t)| ≤ t
ν+1
2ν(ν + 1)Γ (ν + 1/2)Γ (1/2) .
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In our settings, ν = n− 12 , t = 2πRx|x− y| and Rx = (ν+1)Γ (ν+1/2)Γ (1/2)8πΓ (ν+1)|x| .
Hence
|Sν(t)| ≤ t
ν
2ν+1Γ (ν + 1) .
Therefore
Jν(t) ≥ t
ν
2ν+1Γ (ν + 1) .
Consequently,
B(n−1)/2∗ (f )(x) &
1
s|x|n .
It follows that
∥B(n−1)/2∗ (fs)(x)∥Lp(ws) &

Rn\(0,1]n
1
sp|x|np |x|
(n−s)(p−1)dx
1/p
& s−(1+1/p),
which establishes the sharpness for 1 < p ≤ 3. 
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